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The influence of outside quantum noises on the amplification of weak measurements is investigated. 
Three typical quantum noises are discussed. The maximum values of the pointer’s shifts decrease 
sharply with the strength of the depolarizing channel and phase damping. In order to obtain 
significant amplified signals, the preselection quantum systems must be kept away from the two 
quantum noises. Interestingly, the amplification effect is immune to the amplitude damping noise. 
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I. INTRODUCTION 

In the quantum weak measurements introduced by 
Aharanov et al. [l|, when the coupling strength between 
the measuring device and the quantum systems is very 
weak, the values of the meter’s readings could be much 
larger than those obtained in the traditional quantum 
measurement. Because of such amplification effect, the 
weak measurement strategies have been used to imple¬ 
ment a lot of high-precise measurements, such as observ¬ 
ing the tiny spin Hall effect of light and amplify¬ 
ing small transverse deflections and frequency changes 
of optical beams Q. Besides the advantages in mea¬ 
suring small signals, weak measurements are very useful 
for exploriM the fundamental problems of quantum me¬ 
chanics [^-l9|. Since its importance in applications and 
fundamental theories, weak measurement has attracted 
much attention [llMlOj . 

For the random errors which can be reduced by re¬ 
peated measurements (3ll | , there is also an open question 
whether the weak measurements can improve the signal- 
to-noise ratio (SNR) significantly compared with the or¬ 
dinary measurements |32l - l36l |. But for the system errors 
which cannot be reduced by repeated measurements [Slj , 
the amplification effect of weak measurements can effec¬ 
tively reduce the relative system errors. This is the rea¬ 
son why a lot of super-precise measurements are accom¬ 
plished with the methods of weak measurement. From 
the results in the literature it is concluded that 

when the coupling strength is weak, and the measure 
device state is the typical Gaussian wave function, the 
maximal shifts of the pointer momentum and position 
are are respectively equal to Ap (the standard deviation 
of the momentum of the pointer initial state) and Aq (the 
standard deviation of the position of the pointer initial 
state) which are independent with the coupling strength 
9- 

For the fixed measure device and coupling strength, the 
maximal shifts of the pointer are obtained by choosing 
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nearly orthogonal preselection and postselection states 
(PPS). Compared with classical states, quantum states 
are much more sensitive to the disturbance of the outside 
environment. If the quantum states suffers from some 
noise, could we obtain the significant amplification as we 
expected? If not, what the amplification limit will be? 
In this article, we will study these two questions. As the 
postselection states are realized by a sequential strong 
measurement after the weak interaction between the de¬ 
vice and systems, and what we need are the outcomes. So 
we only study the maximum shifts of the pointers when 
the preselection states are disturbed by the noise from 
the outside environment. 

This paper is organized as follows. In Sec. II we 
will study the relationships between the modulus of the 
preseletion states and the amplification. The maximum 
pointer shifts are given under the quantum noise for the 
Gaussian and qubit meters in Sec. III. A short conclusion 
is presented in Sec. IV. 

II. THE MODULUS OF THE PRESELECTION 
STATES AND THE AMPLIFICATION 

In weak measurements, the quantum systems that to 
be measured are prepared in some state \ifi)s- During 
the storage and transmission processes, the quantum sys¬ 
tems are always correlated with the outside environment 
unavoidably. And the pure preslection state \tpi)s may 
change into a mixed state ps- In this article, it is assumed 
that the preselection state has been changed into a mixed 
state Ps before entering measure device. The weak inter¬ 
action between the quantum systems and measure device 
could be described by an impulse Hamiltonian 

H = —igi5(f — to)A 0 D, (1) 

where g is the coupling strength with g > 0, A is the 
observable operator of the quantum systems, and D is 
the observable operator of measure device. The measure 
device state is denoted by pu, after the interaction, the 
combined state of the system and the measure device 
state is 


P'sd = Up* GpdUl', 


( 2 ) 
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where U = exp(i 5 A(g)D) with h= 1. Different with ordi¬ 
nary measurements, weak measurements require a post¬ 
selection to select the system into state \4’f)s- After the 
postselection, with the notation 11/ = |'(/>/)s('0/|, the fi¬ 
nal measure device state is 


A = CT • n, where n = (nx,ny,nz) is a unit vector, the 
operator of the measure device T) = q. From Eq. o, 
the impulse interaction Hamiltonian could be written as 

U =—igS{t — to)a ■ fi'S) q. (8) 


^ tr, {Uf 0 

tr,,(n/®w,,)- 

In weak measurements, the readings are the expectation 
values of the pointer conditioned on obtaining the postse- 
lectin state 11/. If the observable operator of the pointer 
to be recorded is R, the shift of R is 

SR' = tr(Rp^) - tr(Rpd)- (4) 


In order to search for the amplification effects, we should 
choose appropriate PPS {ps and 11/) to obtain the max¬ 
imum value of 

In quantum information, the most important and use¬ 
ful systems are qubits, and most of the weak value am¬ 
plification experiments are based on qubits. In this ar¬ 
ticle, the quantum systems to be measured are qubits. 
And two types of measure devices are used to analyze 
the amplification affected by the quantum noise. One is 
the continuous Gaussian type and the other is the dis¬ 
crete qubit meter. Generally, a qubit state ps could be 
represented as a vector in the Bloch sphere 


Ps = 


1 + r- a 
2 


( 5 ) 


where r = {rx,ry,rz) is a vector in the Bloch sphere with 
modulus r = G [Oj 1]; the components 

of tr = {crx,(Ty,az) are the Pauli matrices. The qubit 
state Ps can also be expressed as 


Ps = +r\ll}i)s{'<pi\: (6) 

where \'4>i)s is a normalized pure qubit state. 


A. The Gaussian type measure device 


The measure device discussed in this subsection is the 
Gaussian type. Without loss generality, the Gaussian 
wave function is assumed centered on g = 0 and p = 0. 
In the position and momentum representations, the wave 
function is respectively written as 


$(g) 

$(p) 


(27rA^) 4 
(2A2)3 




exp(—A^p^) 


( 7 ) 


where q and p are the position and momentum variables 
with the standard deviations Ag = A and Ap = 
Suppose the observable of the qubit to be measured is 


Denoting the set of the eigenstates of ct • n as the basis 
{|0),j, |l)s}, the pure state \ilJi)s in Eq. ([6]) could be ex¬ 
pressed as |'0i)s = ai|0)s -|- /3i|l)s, and the postselection 
state could be expressed as \4’f)s = a2|0)s+/32|l)s. From 
Eqs. (21), (21), (21), (IZl) and (0, we get the final measure 
device state 

, Bi + B 2 + Bs + B 4 

I’D = --. ( 9 ) 

where Bi = ((1 — r|a2p)/2 -I- r|aip|a 2 p)e*®'*PDe“*®‘^, 
R2 = {{I - r\h?)/2 + r\| 3 ^\^\h?)e-^^<^pDe' 3 <i, B3 = 

r{alPia2l3^)e-'3‘ipDe-^3<i^ = r{aiPlalP2)e''a3^ 

Pd = l/V2^//e-9i/4^'e-9'/4^'|gi)(g2|dgidg2 given 
by Eq. (I?]), and Pro = (I — r)/2 -|- r(|aip|Q! 2 p + 
l/5iP|/^2p + 2Re(Q!*/?iQ!2/32)6~^^^®^) is the probability of 
obtaining the postselection state. 

Using Eq. o, the average shifts of the pointer mo¬ 
mentum and position are 


, g{il-r){\a2\^-\P2\^) + 2r{\a,p\a2\^-\P,\W)) 

^ 2Pro 

^ , 4rgA^e“^®^^^Im(Q;l;/3iQ;2/32) 

Pro 

( 10 ) 


By derivation, we obtain the maximum shifts 


I^P \max 
IVI max 
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Vi — 

Vl — 


( 11 ) 


The detail derivation and the conditions of attaining the 
maximum shifts are given in Appendix A. The relation¬ 
ships between the maximum shifts and the moduli of the 
preselection states are pictured in Fig. 1. 

From Fig. 1, it can be seen that the maximum shifts 
decrease sharply with the modulus r. In order to obtain 
significant amplification effects of weak measurements, 
the modulus of the qubits should be close to 1. In other 
words, the quantum states must be kept in pure states 
for searching for markedly amplified shifts. 


B. The qubit type measure device 

In this subsection, the qubit type measure device is 
used to study the maximum readings. Since the qubit 
type measure device is not widely discussed in theory, 
first, we will show how to obtain amplified readings us¬ 
ing qubit measure device. The initial state of the qubit 
measure device is pure state denoted as 

\(t>i)d = |0)d. 


( 12 ) 
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Figure 1. (Color online) The relationship between the maxi¬ 
mum shifts and the modulus r of the preselection state with 
g — 0.1 Ap, g = 0.05Ap, and g = O.OSAp. 


and its expectation value of the observable O = |l)(i(l| is 
0, where d(0|l)d = 0. The initial state of the systems to 
be measured is denoted by \il}i)s = a!i|0)s + /3i|l)s with 
|aip -I- |/3ip = 1. The impulse weak interaction between 
the device and system is expressed in the Hamiltonian 

'H. =-ig5{t-to)az,s® crx,d, (13) 


where az,s and cr^.d are Pauli matrices of the systems 
and the measure device respectively. The device operator 
<yx,d = |+)d(+|~|~)d(~|) where |+)d = l/\/2(|0)d +|l)d) 
and |—)d = l/-\/5(|0)d — |l)d). The initial state of the 
device can be rewritten as \ 4 >i)d = ^/\/^{\+)d + |—)d)- 
After the interaction, the combined device and system 
state is 


|$).d=^[ai(e*®|+)d|0). + e-*®|-)d|0).) 

+ ^i(e-*®|+)d|l). + e*®/3i|-)d|l)«)]. 


(14) 


Without postselection, after the weak interaction, the fi¬ 
nal measure device state 

_ 1 / 1 -I-\ 

2 1 

(15) 

where the basis is {|+)d, |~)d}- The expectation value of 
the observable O of the measure device without postse¬ 
lection 


(O) = tr(Opd) = sin^ g. (16) 


As the coupling strength is very weak g <C 1, the read¬ 
ing of the measure device is (O) g^ in the ordinary 
measurement. 

In the weak measurements the postselection process is 
added. If the postselection state is denoted by \4’f)s = 
Q; 2 | 0 )s + /32|1)s, the final measure device state is 


Pd = 


Cl + C 2 + C 3 + Cj 
2Pro 


(17) 


where Ci = |Q!iP|Q; 2 p(|+)d(+| + e'^'‘^\+)d{-\ + 

e-^*®l_)d(+l + l“)d(“l)) ^*2 = |/3ip|/32p(|+)d(+| + 
e-^*«|+)d(-| + e2*^|-),(+| + |-),(-|), C 3 = 
0 : 1 / 310 : 2 /^ 2 ( 6 ^®® |-|-)d(-|-| + |+)d(—I + l~)d(+| + 

e-2®®|-)d(-|), C 4 = at/3ia2/32*(e-2®®|+)d(+| + 

|+)d(-| + |-)d(+l + e2®®|-)d(-|), and the proba¬ 
bility of obtaining the postselection state \4’f)s is 
Pro = |aip|a 2 p + |/3ip|^2p + 2Re(a*/3iQ!2^2) cos 2g. 
The expectation value of O conditioned obtaining the 
postselection state \'4>f)s is 

^ (|oiP|o2p + |/3iP|^2p - 2Re(a^/3ia2/3|))sin^g 

|oi|2|a2p + |;5ip|,02p + 2Re(a*/3ia2/32)cos2g ' 

(18) 

The maximum readings of observable O in weak mea¬ 
surements is 


(0)L. = (19) 

which is the biggest reading of the qubit’s observable O 
and the maximum readings is obtained when the prese¬ 
lection state \il’i)s and the postselection state \' 4 ’f)s are 
orthogonally. The detail derivation of Eq. m is given 
in Appendix B. From Eqs. (ITSl) and (IT^ . we can see that 
the strategy of weak measurement could improve the de¬ 
vice’s reading significantly by choosing appropriate PPS. 

For the preselection state is the one given by Eq.(|n]) 
which may not be a pure state, the measure device state 
after the interaction is 

„ _ El + E 2 + E 3 + E 4 

where Ei = ((1 - r)|a 2 p /2 -f r|aip|a 2 p)(|+)d(+| + 
e^®®|+)d(-| + e“^®®|-)d(+| + |-)d(-|), E 2 = 

((1 - r)|/32|V2 + r|/3in^2p)(|+)d(+| + e-2®®|+),(-| + 

e^®®|-)d(+| + |-)d(-|), E 3 = rai/3ia2^2(e^®®|+)d(+| + 

|+)d(-| + |-)d(+| + e“^®®|-)(i(-|), £"4 = 
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Figure 2. (Color online) For the qubit measure device, the re¬ 
lationships between the max;imum readings and the modulus 
r with g — 0.1, g — 0.05, and^ = 0.03. 


^«l/3l«2/?2(e ^*®l+)d(+| + |+)d(—I + | —)d(+| + 

)d(—I), and the probability of obtaining the 
state |'0/)s is Pro = (1 — r)/2 + r(|aip|Q; 2 p + 

|/3ip|/32p + 2Re(a*/3iQ;2/32) cos 2g). The reading of the 
observable is 

(O)" = tr(Op'(,) = (21) 

where Fi = ((1 - r )/2 -b r(|aip|a 2 p + |/ 3 ip|/ 32 p - 
2Re(Q;j/3iQ;2/32))) sin^ g, and F 2 = (1 — r)/2 + 

r(|aip|a 2 p + \l3i?\l32? + 2 Re(ai/ 3 ia 2 / 52 ) COS 25 ). By 
choosing orthogonal PPS, we get the maximum reading 


(1 -b r) sin^ g 
(1 — r) -b 2r sin^ g 


( 22 ) 


The detail derivation of Eq. (1^^ is given in Appendix C, 
and the conditions of obtaining maximum shifts are the 
PPS orthogonal. The visual relationships between the 
modulus r of the postselection state and the maximum 
reading of the measure device are showed in Fig. 2. 

From Fig. 2, the maximum readings of the measure 
device decrease with the modulus r very sharply. When 
the r = 0, the maximum reading is the same with the 
one given by Eq. (HU) obtained in ordinary measure¬ 
ment. In this section, we have the statement that if we 
want obtain significant amplification effects in weak mea¬ 
surements, the preselection state should be kept in pure 
state regardless of the types of the measure devices. 


III. THE QUANTUM NOISE AND THE 
AMPLIFICATION 



Figure 3. (Color online) The relationship between the maxi¬ 
mum shifts and the noise strength 7 of depolarizing channel 
with g = 0.1 Ap, g = 0.05Ap, andp = 0.03Ap. 


of the measure device. Three typical quantum noises: de¬ 
polarizing channel, phase damping, and amplitude damp¬ 
ing are considered. 


A. The depolarizing channel and the the 
amplification 


\^P |maa: 
IVI max 


_ 9 _ 

V'l - (1 - ’ 

2(l-7)5A2e-2^'9' 
v'l-(l-7)2e'^437F' 


(23) 


In this section, we study the relationships between the 
strength of the quantum noise and the maximum readings 


When the quantum systems suffer from a depolarizing 
channel (d^, the pure preselection state \'ipi)s will evolve 
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Figure 4. (Color online) The relationships between the maxi¬ 
mum readings and the noise strength 7 of depolarizing channel 
with g — O.lAp, g = 0.05Ap, andg = O.OSAp. 


into 


B. The phase damping and the the amplification 


If a quantum state p is disturbed by the phase damping 
noise, the final quantum state will evolves into [iH 


p' — EqpEJ + EipE|, (26) 


where 


Eo = 


1 0 

0 1-7 


,Ei 


0 0 \ 

0 7 ^ 


(27) 


and the 7 can be seen as the strength of the phase 
damping noise. The initial preselection state is \tjji)s = 
Q!i|0)s + /3i|l)s, under the phase damping, |'0i)s evolves 
into 


{ \ai? (l-7)ai/3i*\ 

1,(1-7K/3i |/3iP ) 


(28) 


with the basis {| 0 )s, |l)s}- 

When the measure device state is Gaussian type given 
by Eq. 0 , and the interaction Hamiltonian is described 
in Eq. (I5|), conditioned on obtaining postselection state 
I')/'/)s, the final measure device state is 


Ps = y+ (l-7)l^i)s(V’i|, (24) 


where 7 is the probability that quantum system is depo¬ 
larized, and can also be regarded as the strength of the 
quantum noise. The modulus of the state pj, is 1 — 7 , if 
the measure device is Gaussain type given by Eq. 0 , 
and the interaction is described by Eq. (jS]), from Eq. 
m, we get the maximum shifts under the depolarizing 
channel 

The relationships between the maximum shifts and the 
noise strength 7 are pictured in Fig. 3. In Fig. 3, it is 
shown that the maximum readings decrease quickly with 
the increase of the noise strength 7 . If we want to obtain 
significant amplification effects, the preselection quantum 
systems must be kept away from the depolarizing chan¬ 
nel. For example, if we want to obtain the twice maxi¬ 
mum shifts of the ordinary measurement, \5p'\max > 2p, 
the noise strength 7 < 0.13. 

For the measure device is the qubit state described by 
Eq. (HH), and the interaction between the measure device 
and the systems is given by Eq. m. as the modulus of 
state p'g in Eq. (l24)l is 1 — 7 , using the result obtained 
in Eq. ()22|) . we have the maximum reading of the qubit 
measure device under the depolarizing channel 


(2 - 7 ) sin^ g 
7 + 2(1 — 7 ) sin^ g 


(25) 


The relationships between the maximum readings of 
qubit measure device and the noise strength are pictured 
in Fig. 4. Fig. 4 gives the similar results of Fig. 3. 
Then we have a statement that for obtaining significant 
amplification effects of weak measurement, the strength 
of the depolarizing channel noise should be very weak 
regardless of the types of measure devices. 


, Gi -I- G 2 + G 3 -I- G 4 

/>. =-- (29) 

where Gi = G 2 = 

G 3 = (l-7)aI/3ia2/32*e-*'^Vde-'®«, 

Gi = (1 - 7)ai/3i*a^/32e*sVde*s9, pa 

1/V2^ ff e-‘>"G^^"e-‘>"/^^"\qi){q2\dqidq2 given 

by Eq. (O, and Pro = |a!iP|Q! 2 p + \Pi\'^\P 2 \'^ + 2(1 - 
7 )Re(a 3 , 5 ia 2 ,d 2 )c~^^ ® the probability of obtain¬ 
ing the postselection state. The shifts of the pointer 
momentum and position are 


(KHa2p-|/3ip|/l2p)g 

Pro ’ 

,, 4(1-7)5A2lm(at/3i 02/32*) 

=- P^o - 


(30) 


From the derivation given in Appendix D, we obtain the 
maximum shifts by choosing appropriate PPS 


\^P |maa: 
IVI max 


_ 9 _ 

Vl-(l-7)2e-4AV’ 

2(l-7)5A2e-2^'9' 


(31) 


And the conditions of attaining maximum shifts are also 
given in Appendix D. Comparing this equation with Eq. 
(12311 , we can see that the relationships between maximum 
shifts and noise strength are completely same for the de¬ 
polarizing channel and phase damping noises. And the 
visual relationships are also shown in Fig. 3. 

If the measure device is the qubit state described in Eq. 
dn, and the interaction is given in Ea. (ll3p . conditioned 
on obtaining \4’f)s, the final device state is 


, Ji -|- J 2 + ^3 -|- J 4 

Pd — 


2Pro 


( 32 ) 
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where Ji = |aip|a 2 p(|+)d(+| + e2*9|+)d(-| + 

e-^*®l_)d(+l + l“)d(-|), J 2 = |/3iPl/32p(|+)d(+| + 
e-^*®l+).(-| + e2*«|-),(+| + |-),(-|), J 3 = 
(1 — 7)Q;i/3J‘a2/32(e^*®|+)d(+| + |+)d(—| + |—)d(+| + 
J 4 = (1 — 7)Q=i/3i®2/32(e~^*®|+)(i(+| + 
|+)d(-| + |-)d(+| + e^*®|-)d(-|), and the proba¬ 
bility of obtaining the poseselection state is Pro = 
|Q!ip|Q! 2 p -I- |/3ip|/32p + 2(1 - 7)Re(a*/3ia2,82)cos2g. 
The reading of the observable O is 

iVi 

(0') = 1 ^. (33) 


where Ni = (|aip|/ 32 p + |/ 3 ip|/ 32 p - 2(1 - 

7 )Re(a 3 ^ia 2 / 32 )) sin^ 5 and N 2 = |aip|a 2 p -I- 
j, 8 ip|/ 32 p + 2(1 - 7 )Re(a*/ 3 ia 2 / 3 |) COS 25 . By choos¬ 
ing orthogonal PPS, the maximum readings of qubit 
measure device is 


(2 - 7 ) sin^ g 
7 -I- 2(1 — 7 ) sin^ g 


(34) 


The derivation of this equation is given in Appendix E. 
This maximum reading is the same with the one given in 
Eq. (1^51) . and is also visualized in Eig . 4. From Figs. 3 
and 4, the maximum readings decrease sharply with the 
increase of the strength of the depolarizing channel and 
phasing damping noises. If we want to obtain remark¬ 
able amplified readings to improve measure precision, the 
quantum systems must be away from the depolarizing 
channel and phase damping noises. 


C. The amplitude damping and the amplification 

If a quantum systems p undergoes a amplitude damp¬ 
ing operation from outside environment, the state will 
evolve into 


p = EopEj -kEipEj, 


where 


Eq = 


1 0 
0 


,Ei 



(35) 


(36) 


and 7 can be regarded as the noise strength of the ampli¬ 
tude damping. Under the amplitude damping, the pres¬ 
election state \4’i)s = Q!i|0)s -I- /5i|l)s evolves into 


Ps = 


\a i? +l \Pi? \/l - lotiPl 

(l-7)|/3iP 


(37) 


and the basis is {| 0 )s, |l)s}. 

When the measure device state is the Gaussian type 
given by Eq. ©, and the interaction is described in Eq. 
([ 8 |). the final measure device state is 





a 
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Figure 5. (Color online) The relationship between the maxi¬ 
mum shifts and the noise strength 7 of depolarizing channel 


with g 

= 0.1 Ap. 




where 

Ki = 

(l«iP + 

|/3ip7)|Q;2 

\2^^gqp^^-igq^ 

K 2 

= 

(1 - 

lW\h 

\2^-^gqp^^^gg^ 

Ks 

= 


7a);/3ia2^2 


Ki 


7ai/3ra*^2e'9Vde'®^ 

Pd = 


\/V2^ is the initial 

measure device state, and Pro = (jaip -I- |/ 3 ip 7 )|Q; 2 p + 


(1 - 7 )|/ 3 ip|/ 32 p + 2 V 1 - 7 Re(a);/ 3 iQ; 2 / 32 )e is the 

probability of obtaining the postselection state \il}f)s- 
The shifts of the pointer are 


5p’ 


Sq' 


|a2p(|«iP+7l/3iP)-(l-7)l/32p|/3iP 
Pro ^ 

4-yW^5A^e“^®^^^Im(a*/3ia2/?2) 

Pro 


(39) 


However, we have not gotten the analytical expres¬ 
sions of the maximum shifts under the amplitude damp¬ 
ing, we obtain the numerical maximum shifts in Fig 5. 
From Fig. 5, the maximum shifts are the same with the 
ones obtained in the weak measurements without quan¬ 
tum noises by selecting appropriate PPS except that the 
noise strength is 1. Under the amplitude phasing noise, 
the significant amplification of weak measurements could 
also be obtained. 

When the measure device is a qubit whose state is 
given by Eq. m, and the interaction between the device 
and systems is given by Eq. (USD, the final measure device 
state is 

, L 1 +L 2 + L 3 + L 4 

=- T^o -’ 

where Ti = (jaip + \l3i\^'^)\a2?p3<y.^ 

L 2 = (1 - L 3 = 

pa = l/ 2 (|+)rf(+| + 

l+)d(-| + |-)<i(+l + |-)d(-|) is the initial measure 
device state, and Pro = (|aip -I- |/ 3 ip 7 )|a 2 p + (1 ~ 
7 )|/ 3 ip|/? 2 p + 2 v^l — 7 Re(a*/ 9 ia 2 / 32 ) eos 2 p is the prob¬ 
ability of obtaining the postselection state \tpf)s- The 
reading of the measure device conditioned on obtaining 
the poselection state is 


(O') = ^ sin^ 5 , 
^ ' M 2 


(41) 


Pd = 


Ki +K2 + K3 + Kj 
Pro ’ 


whereMi = (|aip -b 7|,diP)|a2p-b (1 - 7)|/3ip|/32p - 
(38) 2^1 - 7Re(a)'/3ia2/3J), M 2 = |aip|a 2 p + 7i/3iP|a2p + 
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V. APPENDIX 

A. The derivation of Equation (IllD 

The pure two dimensional states \'tpi)s and \ipf)s can 
be rewritten as = cos^|0)s + sin ^|l)s and 

|' 0 /)s = cos ^| 0 )s + sin ^|l)s. The shifts of momen¬ 
tum and position in Eq. ( 1101 ) could be rewritten 

g(cos02 + ccos6*i) 

^ 1-1- r cos 6*1 cos 6*2 + r sin6*i sin6*2 cos ’ 

, 2 grA‘^ sin 6*1 sin 6*2 sin (j)o 

^ 1 - 1 - r cos 6*1 cos 6*2 -I- r sin 01 sin02 cos(j)oe~^‘^^ 3 ^ ’ 

(42) 


Figure 6 . (Color online) For the qubit measure device, the 
relationship between the maximum readings and the coupling 
strength 7 of the amplitude phasing with g = 0 . 1 . 


(l- 7 )|/ 9 ip|/ 32 p+ 2 i/l -^'R.e[a\l3ia2li2)(^os2g. We have 
not obtained the analytical maximum reading of observ¬ 
able O, the numerical maximum reading are pictured in 
Fig. 6 . From Fig. 6 , the maximum value | (O') \max is 
the same with the one without quantum noise for 7 ^ 1 . 
To obtain significantly amplified shifts by using weak 
measurement, we should not worry about the amplitude 
phasing when the noise strength 7 76 1 . 


IV. CONCLUSION 

For Gaussian and qubit measure devices, the maximum 
shifts of measure device are discussed in this article. We 
have the statements that the maximum shifts decrease 
quickly with the modulus of the preselection states, and 
the maximum readings decrease sharply with strength 
of the depolarizing channel and phase damping noises. 
If we want to attain significant amplified shifts in weak 
measurements, the preselection quantum systems must 
be ensured without the disturbances of the two typical 
noises. For the amplitude damping, it is shown that 
the maximum shifts are the same with the ones without 
noise if the coupling strength is not equal to 1. We can 
also obtain significant amplification under the amplitude 
damping by choosing orthogonal PPS. The conditions of 
obtaining maximum shifts are also given in this article. 
Those results may be helpful for experimentalists to im¬ 
plement high precise measurements. 
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where (po = (pi — 4 > 2 - 

First, we search for the extreme values of 5p'. For 
= 0 , we get sin(/)o = 0 , cospo = ±1 and 


6p' 


g(cos02 -I- r cos 0 i) 

1 -I- r cos 01 cos 02 ± r sin 0 i sin 026“^^^®^ 


( 43 ) 


Next, the method of Lagrange multipliers is used. Let 
xi = cos 01, X2 = COS 01, yi = sin 01, and y 2 = sin 02 with 
the constraint xf + yf — 1 = 0 and -I- — 1 = 0, we 

have the Lagrange function 

p _ (xi+rx2)g 

^ 1 - 1 - rxiX2 ± ryiy2e~‘^^^s^ ( 44 ) 

+ Ai(xi + y\ — \) + A 2 (a ;2 +2/1“ !)■ 


yiy2 = T{r + xiX2)e 

For yi =0, we have the shift 

5p' = ±g. 


Let 


9Fi _ _ 

9x2 dy2 


= 0 , from y 2 ^ = X 2 ^, we get 


yi re ( 1 -I-ra;ia; 2 ) 

02 


1 — r‘^X2 


From Eqs. (|^ and ([47]), we have 

2 _ (r + XiX 2 ){l - r'^xl) 
r{l+rxiX2) 

Using the constraint -I- = 1, we have 

n 

X 2 = -or 12 = 0 . 

r 

For X 2 = — —, we have 


(45) 

(46) 

(47) 

(48) 

(49) 


5p' = 0. 


(50) 











For a ;2 = 0, we get y 2 = ±1, and from Eq. (H51) . we have 
yi = xi = ±Vl — ^ and 

9 


V = ± 


\/l — 


(51) 


From Eqs. ((46l) . (l50)l . and ((5T]) . we have the maximum 
shift of momentum 


w\ 


9 


y/\ — 7'2g-4A2g2 


(52) 


The conditions of obtaining the maximum shift is 
cos 02 = 0 , sin 02 = ± 1 , cos 01 = ±re“^^ ® , and 
sin 01 = ±\/l — 

Now we search for the maximum value of |i5g'| using 
the method of Lagrange multipliers. Let cca = cos(()o, 
and j /3 = sin 001 we have the the Lagrange function 


F. = 


2grA2?/i?/2?/3 


1 + rail a ;2 + rj/i 2/23:36 
+ -^ 2 ( 3:2 + 02 ~ 1) + -^ 3 ( 3:3 + 03 — !)■ 


+ Ai(a:^ + y\ — 1) 


(53) 


For it = if = 0 , from yiif = xiff, we have 

0203(a:i+ra2) = 0. (54) 

The solution of the equation is 1/2 = 0, or 1/3 = 0, or 

3:1 = —rx 2 - (55) 

For 2/2 = 0 or 2/3 = 0, we have 

5q' = 0. (56) 

’ 9x2 “''2 dy 2 ' 


For if = If = 0 , from 2/2!^ = 3 : 2 |f , we get 2/2 = 0 , 


or 2/3 = 0, or 


a:i = —rx2- 


(57) 


From Eqs (j55|) and ([57|, as r is not always equal to 1, 
we have 3:1 = 3:2 = 0 and 2/102 = ±1- And the Lagrange 
function changes into 


^ 2 ( 3 : 3 , 2 / 3 , A 3 ) = ±: 


29rA'^y3 


1 ± rxse 2 A 2 g 2 
For = 0, from 2 / 3 #^ = x,^, we have 

And the shifts of position is 


(58) 


9x3 9g3 ’ ^3 93.3 d Qy^ 

X 3 = ® ,03 = iVl — (59) 


V = ± 


2 grA^ 


y/l — 


(60) 


From Eqs. ((56)) and ((60)) . we get the maximum position 
shift 




2grA^ 


•\/l — 


(61) 


The conditions of attaining the maximum shift is sin 0i = 
±1, sin 01 = =f 1, cos 03 = 


B. The derivation of Equation (1191) 

For the two pure states \'ii)i)s = cosf|0)s + 
6*01 sinf |1)^ and \ilij)s = cos f lO)^ + sinf |l) 3 ,the 
Eq. ((T5() could be rewritten as 

, (1 + cos 01 cos 02 — sin 0i sin 62 cos 0o) sin^ g 

1 + cos 01 cos 02 + sin 0i sin 02 cos 0o cos 2 g 

(62) 

where 0o = 0i ~ 02 - From ^ = 0, we have sin 0o = 0, 
cos 00 = ± 1 , and 


, _ (1 + cos 01 cos 02 T sin 0i sin 02 ) sin^ g 
1 + cos 01 cos 02 ± sin 0i sin 02 cos 2 g 

Let t = cos j ^qs ^ we have 


(o') = 


sin^ g 


1 + + (t^ — 1) cos 2 g 


(64) 


From ^ = 0, we have t = 0, and the maximum read¬ 
ing 


(O') = = 1. 

\ /max 1 _cos 25 


(65) 


The conditions of obtaining the maximum reading are 
01 — 02 = 0 and 01 — 02 = TT, or 0i — 02 = tt, and 
01 -P 02 = TT. In other words, when the preselection and 
postselection states are orthogonal, the reading of qubit 
measure device attains its maximum value. 


C. The derivation of Equation (1221) 

For \ijji)s = cosf |0)s -P sinf |l)s and \iljf)s = 
cos f |0)s -P sin f |l)s, the Eq. (1^ could be rewrit¬ 
ten as 

(O") (1 — + ’’(1 + cos 01 cos 02 — sin 01 sin02 cos0o)) sin^ g 

1 — r -P r(l -P cos 01 cos 02 -f sin 0i sin 62 cos 0o cos 2g) ’ 

( 66 ) 

where 0o = 0i — 02- From ^ = 0, we have sin 0o = 0, 
cos 00 = ± 1, and 


(O") = 


(1 — r -P 2r cos^ ) sin^ g 


1 — r -P 2r(cos^ ^^^os^ AMa _ cos^ ^ )) 

(67) 

Since the (O") > 0 is the monotonically decreasing func¬ 
tion with cos^ _ Let cos^ £ 13 ^ = we obtain the 
maximum reading of qubit measure deviee 


(O'Omax = 1- 


( 68 ) 


The maximum reading is obtained under the conditions 
01 — 02 = 0 and 01—02 = TT, or 0 i — 02 = tt, and 
01 + 02 = TT for which cases the PPS are orthogonal. 
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D. The derivation of Equation (1311) 


For 2/2 = 0 or ?/3 = 0, we have 


For = cos ^|0)s + sin^|l)s and \i}f)s = 

cos ^|0)s + sin ^|l)s, the Eq. (1501) could be rewrit¬ 
ten as 

r , _ (cos 01 -I- COS02)ff 

^ 1-1- cos 01 cos 02 + (1 — 7 ) sin 0i sin 02 cos ’ 

, 2(1 — sin 0 i sin 02 sin^o 

^ 1 - 1 - cos 01 cos 02 + (1 — 7 ) sin 0 i sin 02 cos 

(69) 


5q' = 0. 

For xi = —X 2 , we have 

_ 2gA^(l-7)e~^^'g'y3 

^ 1 ± (1 - 7 )x 3 e- 2 A=s= ■ 

From = X 3 ^, we have 

X3=T{l-7)e-^^'^\ 
03 = . 


where c/jq = 4'i ~ 4’2- First we search for the extreme 
values of 6 p', by = 0 , we get sin())o = 0 , costp^ = ±1 
and 


V 


2 gt 

l-ht2±(l-7)(l-t2)e-2A=32, 


(70) 


where t = cos /cos ^ 1 +^^ . From = 0, we have 


And the shift 

v'l - (1 - 7)2e-4A^9" 

From Eas. (l76)l and ((79l) . the maximum shift is 


IVI max 


2 g/S?(l — 7 )e ® 

^1 - (1 - 7)2e-4A^ff^ ■ 


(76) 

(77) 

(78) 

(79) 

(80) 


l±(l-7)e-2^"9" 

1 ip (1 - 7)e-2^^s'' ■ 


The maximum shift is obtained on the conditions cos 0j = 
(71) — COS 02 , sin0i = ± sin 02 , and cos(/o = =f(1 — 7 )e“^^ ® ■ 


Then we get the maximum shift of momentum is 


E. The derivation of Equation (I34D 


\max 


_ g _ 

^1 - (1 - 7)e-4^"s" ’ 


(72) 


and the conditions of obtaining the extreme val¬ 
ues are (j)! — 4>2 = 0 and cos /cos = 

±\/l + (1 — 7)e“^^^s^/l — (1 + 7 )e“^^^ 9 ^, or 

(j)i — 4)2 = TT and cos /cos didia = 

±\/l - (1 - 7)e-4A"97i -h (1 -H 7)e-4^"sA 

Now we use the method of Lagrange multipliers to 
search for the extreme values of 5q' , let cci = cos 0 i, 
X2 = COS02, X3 = cos(/o, 01 = sin 0 i, j/2 = sin02, 
?/3 = sin (j)Q , we have the Lagrange function 


F 3 


2gA2(l-7)e ^^^^'‘A^yiy2y3 
1 -I- a;iX 2 + (1 - l)yiy2X3e-'^^''s^ 

+ -^2(2^2 + 02 ~ 1) + '^3(2;3 + 03 — 


+ ^ 1 ( 2:1 + yi — 1 ) 

I). 

(73) 


For = cos^|0)s + e*'^isin^|l)s and \tjjf)s = 

cos^|0)s -I- sin^|l)s are the two vector in Bloch 
sphere, where 0i G [ 0 , 7 r), 02 G [ 0 , 7 r), t/i G [0,27r), and 
4>2 G [0,27r). Eq. (1551) could be rewritten as 


(O') 


(1 -I- cos 01 cos 02 — (1 — 7 ) sin 01 sin 02 cosi/o) sin^ g 
1 -I- cos 01 cos 02 + (1 — 7 ) sin 0i sin 02 cos (j>o cos 2g 

(81) 


where (/q = (/)i - (/2 G (-27r, 27r). Since < 0, 

and (O') > 0 , when cos(/o = — 1 , the reading reaches its 
maximum value 


( 0 ') = 


(1 -I- cos 01 cos 02 -|- (1 — 7 ) sin 01 sin 02 ) sin^ g 


1 -I- cos 01 cos 02 — (1 — 7 ) sin 0i sin 02 cos 2g 
Let t = cos ^ have 


( 0 ') = 


(l+^2 + (i-7)(i-^2))sin2g 
1 -I- t2 — (1 — 7)(1 — ^2^ COS2(/ 


(83) 


From 01 = xi^^, we have 


0203 ( 2^1 + 2 : 2 ) = 0. (74) 


The solution of this equation is 1/2 = 0, or 1/3 = 0, or 


(75) 


Since < 0, when = 0, (O') reaches its maximum 

value 


(2 - 7 ) sin^ g 
7 -I- 2(1 — 7 ) sin^ g 


(84) 


The condition of obtaining maximum value is (j)i—(j )2 = 'x, 
01 + 02 = X, and the PPS are orthogonal. 


2:1 = —X2- 
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